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Rate equations of vertical-cavity semiconductor optical amplifiers
P. Royo,a) R. Koda, and L. A. Coldren
Department of Electrical and Computer Engineering, University of California Santa Barbara,
Santa Barbara, California 93106

~Received 5 November 2001; accepted for publication 1 March 2002!

We rigorously establish the rate equations for vertical-cavity semiconductor optical amplifiers,
starting from a general energy rate equation. Our results show that the conventional rate equation
used so far in the literature is incorrect because of an inappropriate calculation of the mirror losses.
Our calculations include the effect of amplified spontaneous emission and can be used to describe
the properties of resonant-cavity-enhanced photodetectors. ©2002 American Institute of Physics.
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Vertical-cavity semiconductor optical amplifier
~VCSOAs! have emerged recently as one important family
optoelectronic devices. Indeed, conventional in-plane se
conductor optical amplifiers~SOAs!, unless specially de
signed, show polarization sensitivity and high coupli
losses to optical fibers. Because of their vertical and circu
cavity geometry, VCSOAs can inherently overcome the
problems while offering the possibility of parallel processi
and testing. They, moreover, have the advantage of a l
noise figure compared to SOAs.1

The models proposed for the design of in-plane SO
~Refs. 2–4! cannot be readily extended to VCSOAs. Indee
because of their small gain per pass, VCSOAs require m
rors with high reflectivity, which is usually obtained by ta
ing advantage of additive interferences in periodic dielec
structures, known as dielectric Bragg reflectors~DBRs!. The
amplitude and phase of these mirrors vary strongly with
angle and wavelength. In addition, because of the str
feedback provided by the mirrors, a standing optical wav
created in the cavity. This requires careful positioning of
active layers inside the cavity so as to benefit from the ga
enhancement mechanism.5 Finally, because the device has
be biased above material transparency, amplified spont
ous emission~ASE! is emitted and cannot be neglected clo
to the laser threshold. The standard way of calculating
ASE in in-plane SOAs is to use a traveling rate equation
the field intensity.4,6 This is justified as long as the activ
region is longer than the wavelength of the cavity modes.
VCSOAs, since the active region is very thin, it is importa
to consider the field rather than the powers in order to c
rectly take into account interference effects.

Performance predictions for VCSOAs were first pr
posed by Tombling,1 based on the work of Mukai an
Yamamoto3 using semiconductor rate equations for calcul
ing the gain of the structure. Karlsson and Ho¨ijer7 investi-
gated the detection and amplification characteristics
VCSOAs using the Fabry–Pe´rot approach initially derived
by Adams6 for Fabry–Pe´rot laser amplifiers~FPLAs!. Re-
cently, Piprek, Bjo¨rlin, and Bowers proposed a detaile
analysis of VCSOAs, based on the rate equation approa8

The rate equation and the Fabry–Pe´rot methods are known to
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give significantly different predictions, especially in the ga
saturation regime.2,8 This mechanism occurs as high-sign
power is injected in the amplifier or close to the laser thre
old: because of the corresponding increase of stimula
emission, the carrier density in the active region is reduc
This decreases the material gain and then the gain of
amplifier.

It is then of great interest to understand the origin of t
discrepancy and to rigorously establish the rate equations
VCSOAs, which is the main objective of this letter. O
results show that the conventional rate equation used so
in the literature is incorrect for below threshold analysis
the mirror losses. Our calculations include the effect of a
plified spontaneous emission. We conclude this letter dem
strating that our results can be readily applied to reson
cavity-enhanced photodetectors~RCEPDs!, which can be
considered as VCSOAs with negative material gain.

For VCSOAs, the active region is usually made of th
quantum wells placed at the antinode of the electric field
the cavity. Provided the injection is uniform in the cavity an
lateral effects are neglected~such as lateral carrier diffusion!,
the material gain can then be assumed to be independe
the position. This simplifies considerably the problem of c
culating both the amplified spontaneous emission and
gain of the amplifier. This approximation allows us to use
single energy rate equation for the photons,5,9 which is ex-
pressed as

]Wtot

]t
5Gtot2Ptot , ~1!

whereWtot5hnVpNp is the total energy stored in the stru
ture,hn the energy of the mode,Vp the volume occupied by
the photons, andNp the photon density in the active region
The total generation rate can be expressed as the sum
three contributions:Gtot5Gtot

1 1Gtot
2 1Gsp, where Gtot

1 and
Gtot

2 are the generation and absorption rates related to
gain and internal losses in the structure, andGsp the power
generated inside the structure by the spontaneous emis
and directed into the optical mode. With these definitions,
modal gain can be expressed5,9 as^g&5Gtot

1 /(vgWtot) and the
internal losses asa i52Gtot

2 /(vgWtot). The confinement factor
G is by definition the ratio between the volumeV occupied
by the carriers in the active region, and the volumeVp oc-
7 © 2002 American Institute of Physics
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cupied by the photons. It is related to the modal gain acco
ing to G5^g&/g5V/Vp . The total power emitted by the de
vice is given byPtot5PR1PT2PI1Psp, wherePR , PT , and
PI are the powers reflected, transmitted, and injected in
device, respectively, andPsp the spontaneous emissio
power radiated outside the cavity and in the optical mod

Using the above definitions and energy rate Eq.~1!, one
finds the general rate equation for the photons5 ]Np /]t
5(Gg2a i2am) vgNp1GbspRsp where am is the mirror
losses defined byam5(PR1PT2PI1Psp)/(vghnVpNp).
The spontaneous emission factorbsp describes the fraction o
total spontaneous emission that radiates into the consid
optical mode. The total spontaneous emission rateRsp is re-
lated to the spontaneous generation rate according toGsp

5hnVbspRsp. In order to take into account the power em
ted by the device only, we define the apparent mirror l
ãm5(PR1PT1Psp)/(vghnVpNp). This leads to the rate
equation for optical amplifiers, involving the amount
power injected in amplifierPI :

]Np

]t
5~Gg2a i2ãm!vgNp1

PI

hnVp
1GbspRsp. ~2!

This expression is formally the same as the one gener
used in the literature. However, using the definition ofãm

and Eq.~2! at steady state (]Np /]t50), we find that the
apparent mirror losses must be expressed by

ãm5~Gg2a i !
GsignalPI1GASEGsp

~Gsignal21!PI1~GASE21!Gsp
, ~3!

and depend on the gain/absorption of the active region
on the power injected and generated in the device. This
lation involves two gain factors:Gsignal5GR1GT is the total
gain of the amplifier, with the gain in reflection~transmis-
sion! mode defined byGR,T5PR,T /PI . The ratio between
Psp andGsp is defined as the gain of the amplified spontan
ous emissionGASE5Psp/Gsp5Psp/(hnVbspRsp). This fac-
tor indicates how much ASE power is extracted outside
cavity for the fraction of spontaneous emission that is ra
ated inside the cavity and in the optical mode.

The photon density in the active region can be calcula
using Eq.~2!, which allows us to calculate the stimulate
recombination rateRst5vggNp . We find

Rst5
1

hnV

Gg

Gg2a i
@~Gsignal21!PI1~GASE21!Gsp#.

~4!

Note thatRst is the sum of two factors that are proportion
to the product between the inverse of the amplifier quan
efficiency10 Gg /(Gg2a i), net power gain, and source term
This result makes obvious sense: for the input signal,
number of photons generated in the amplifier is proportio
to the total emitted powerGsignalPI minus the number of
injected photons proportional toPI .

To completely describe the properties of vertical-cav
devices, a rate equation for the carriers is needed an
generally given bydN/dt5Ggen2Rrec, where Ggen is the
rate of injected electrons andRrec is the rate of recombining
electrons per unit volume in the active region.5 The rate
equations for the carriers and the photons can be use
describe any vertical-cavity device provided the mate
Downloaded 20 Jan 2004 to 132.239.24.105. Redistribution subject to A
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gain g can be considered as constant in the active reg
which is a reasonable approximation in practice.

For the sake of completeness, let us give the analyt
expressions ofGsignal andGASE for a general VCSOA struc-
ture consisting of two DBRs surrounding a low-order cav
of total thicknessLc , in which is placed a thin active region
The DBRs are made of alternating high (n2) and low (n1)
index layers of thicknessL2 and L1 , respectively, with
lBragg54n1 L154n2L2 . The complex reflection coefficient
of the front and back mirrors are defined asr 1,2

5r1,2exp(ic1,2), where R1,25ur 1,2u25r1,2
2 and c1,2 is the

phase of the mirror, which can be related to an equival
penetration depthLpen

1,2 of the electric field in the mirrors.5 An
equivalent cavity length can then be defined asLeff5Lpen

1

1Lpen
2 1Lc . The gain per pass is expressed asGs5exp@(Gg

2ai)Leff#.
With these definitions, the total signal gain given b

Gsignal5GR1GT can be easily calculated according to

Gsignal511
~12R1!~11R2Gs!~Gs21!

~12AR1R2Gs!
214AR1R2Gs sin2 F0

, ~5!

whereF052pneffLeff(l0
212lBragg

21 ) is the single-pass phas
detuning,neff the effective refractive index of the cavity, an
l0 the wavelength of the signal to be amplified.

Calculation of gainGASE is a bit more complicated and
will be presented elsewhere. We find:

GASE5
AGs(~ i , j !5~1,2!~12Ri !~11ARjGs!

2

2~11AR1Gs!~11AR2Gs!~12AR1R2Gs!
. ~6!

At the lasing wavelength~determined by the conditionF0

52p!, gains Gsignal and GASE become infinite whenGs
th

51/AR1R2. The apparent mirror loss given by relation~3!
converges then to the usual factorGgth2a i5am

th

5(1/Leff)ln@1/AR1R2#, which was generally used for th
modeling of resonant-cavity semiconductor amplifiers.1,3,8,11

Figure 1 displays the parameteram
th/ãm (Gs51,Gsp50) and

am
th/ãm (Gs51,PI50) versus the front and back mirror re

flectivities as solid and dotted contour lines, respective
These factors represent the error that is made usingam

th in-
stead ofãm in rate Eq.~2! at transparency~Gs51!. For no
input signal (PI50) and for highly reflective mirrors, the
apparent mirror lossesãm are very close toam

th , which can
then be safely used in the rate equations for calculation of
amplified spontaneous emission. However, a study of exp
sion ~3! above transparency and below threshold in the c
where the input signal is higher than the spontaneous e
sion (PI.Gsp) shows that usingam

th instead ofãm in Eq. ~2!
leads to an overestimate of the mirror losses by a factor
can be as high as 4. This result explains why the pho
density calculated with the conventional rate equation1,3,8,11

leads to a systematic underestimate of the photon den
compared to other methods based on Fabry–Pe´rot or travel-
ing wave approaches, for example.4,6,7,12In practice, this er-
ror leads to overestimating the saturation power of VCSO
by, typically, 10 dB. The results presented in this letter a
very general and can be applied to any Fabry–Pe´rot laser
amplifier for which the material gain/absorption can be co
sidered as constant in the structure. This key condition
usually satisfied for vertical-cavity devices. Note that the m

IP license or copyright, see http://ojps.aip.org/aplo/aplcr.jsp
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terial gain of in-plane Fabry–Pe´rot laser amplifiers cannot b
considered as constant over the active region. Local exp
sions of the rate equations must then be used, as was
posed by Marcuse4 several years ago.

It is interesting to observe that the expression of
stimulated recombination rate due to the signal in Eq.~4!
corresponds exactly to the result of Adams6 who calculated
the averaged photon density in in-plane Fabry–Pe´rot laser
amplifiers assuming a constant material gain throughout
cavity and using another approach based on traveling w
equations for the fields. Our expression for the stimula
recombination rate due to the ASE is, however, differe
because of the thin active regions, the VCSOAs must
treated considering the fields rather than the intensities.

Note, finally, that using the rate equations given above
is possible to simply calculate the quantum efficiencyh of a
RCEPD, which can be considered as a VCSOA with nega
gain. The quantum efficiency of these devices is defined
the ratio between the power absorbed by the active reg
and the power injected in the device, thush52Gtot

2 /PI .

FIG. 1. Parametersam
th/ãm (Gs51,Gsp50) and am

th/ãm (Gs51,PI50)
plotted as solid and dotted contour lines, respectively, vs the front and
mirror reflectivities.
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Using the definitions presented above, and assuming an
sorption per passGs5exp@2GgLeff#, we find that h51
2G. Using the relationG5GR1GT with expression~5!, we
easily retrieve the result of U¨ nlü and Strite@see Eq.~8! of
Ref. 13#, with the only difference that the standing wav
effect is automatically taken into account through our co
finement factor G, which includes the gain/absorptio
enhancement factor.

In conclusion, the rate equation for photons has be
revisited for vertical-cavity devices below threshold. W
have demonstrated that the mirror loss expression, whic
traditionally used in rate equations for photons in resona
cavity semiconductor optical amplifiers, is incorrect belo
threshold because it does not satisfy the energy conserva
This error leads then to an underestimate of the photon d
sity in the cavity, hence, to an underestimate of the stim
lated recombination rate, and then to an overestimate of g
saturation effects for these amplifiers. The correct expres
for the mirror losses has been derived and includes the
plified spontaneous emission. Finally, we have presente
unified way of describing vertical-cavity devices by phot
rate equations, which can be applied to any device w
stimulated gain or absorption like VCSOAs or RCEPDs, t
only condition being that the material properties of the ga
absorbing medium are constant throughout the active reg
which is generally reasonable for this kind of device.

This work was supported by DARPA through the Arm
Research Office.
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